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The problem of the propagation of low-frequency harmonic waves in an elastic half-strip when they are excited from one end
is considered. The conditions imposed on the external actions, satisfaction of which ensures that the principle part of the solution
decays asymptotically, are formulated. The results obtained can be considered as an analogue of Saint-Venant’s principle in the
case of the low-frequency oscillations of a half-strip. © 2005 Elsevier Ltd. All rights reserved.

Saint-Venant [1], on the basis of heuristic considerations, formulated the “principle of the elastic
equivalence of statically equivalent forces” [2]. This principle provided the possibility of determining
the position of the “Saint Venant solution” in the exact solution of the three-dimensional problem for
a prismatic body with a stress-free side surface, and, in essence, justified the use of the semi-inverse
method. Later, Boussinesq gave a more general formulation of this principle [2]. For massive bodies,
loaded over small areas, according to Saint-Venant’s principle the behaviour of the stress—strain state,
at distances considerably exceeding the dimensions of an area, is determined by the principal vector
and the principal moment, which, in particular, follows from an asymptotic analysis of the solution for
a half-space, constructed for the first time by Boussinesq. In the 20th century a number of attempts
were made to give a mathematically rigorous proof of this principle. A review of these investigations
can be found in [3-6].

It has been shown strictly mathematically [7-10], that in the case of a static deformation of prismatic
bodies (including a half-strip), Saint-Venant’s solutions are identically equal to zero, if the principal
vector and the principal moment of the stresses of the external forces applied to the ends are equal to
zero. In this case the stress—strain state, generated by a self-balancing load, decreases exponentially with
distance from the end. However, the exponent depends on the nature of the distribution of the self-
balancing load over the end, the geometry of the cross section and the physical-mechanical properties
(the non-uniformity and anisotropy) of the material. In certain cases a combination of these principles
leads to the occurrence of weakly decaying solutions. In such cases Saint-Venant’s principle in the classical
formulation loses its meaning. The slowly decaying solutions were called “a weak boundary layer” in
[11]; particular examples of problems whose solutions contain a weak boundary layer were given in [6,
12]. Hence, for laminated or rod-type structural components, in which a weak boundary layer is possible,
satisfaction of the conditions for the external load to be self-balancing turns out to be insufficient to
localize the stress—strain state in the neighbourhood of the region where the load is applied.

In the problem of the propagation of harmonic waves in a half-strip, homogeneous (non-decaying)
modes, which are determined by the real roots of the well-known dispersion equations [13, 14], can
serve as an analogue of the Saint-Venant solution. At any fixed frequency there is a finite number of
such modes. The remaining modes are defined by complex roots and decay exponentially. Hence, the
following question arises: what integral conditions must the amplitudes of the normal and shear stresses,
specified at the end, satisfy so as to localize the oscillations at this end?
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The problem of boundary resonance, excited by a wave travelling from infinity, investigated in detail
in [14], is close in character to the problem of the stress—strain state; there is also a brief review there
of publications devoted to an investigation of the propagation of waves in an elastic half-space, the
majority of which are devoted to this problem.

In this paper the problem of localizing the oscillations is investigated in the case when low-frequency
oscillations are excited. Particular attention is given to investigating the asymptotic behaviour of the
solution with respect to a dimensionless frequency parameter in the case when the amplitudes of the
bending moment, and the longitudinal and shearing forces are equal to zero. The proposed consideration
is based on the method of homogeneous solutions, asymptotic methods and the relations of generalized
orthogonality.

1. FORMULATION OF THE PROBLEM.
HOMOGENEOUS ELEMENTARY SOLUTIONS.

We will consider the problem of the propagation of harmonic waves in an elastic half-space. We will
assume that any field characteristic (displacements, stresses, etc.) are proportional to e, where @ is
the angular frequency.

We connect the origin of a Cartesian system of coordinates Oxx, with the end of the half-strip so
that 0 <x; < oo, -h <x, < h. We will assume that the following boundary conditions are specified at the
endx; =0

Oy = Upy(xy), Oy = Upy(xy) (1.1)
while the front surfaces are stress-free

Here and below o are the amplitudes of the stresses and u; are the amplitudes of the displacements.
We will in}roduce dimensionless coordinatesx = x/h,y = x,/h and the displacement amplitude vector
u= [ulr u2] .
We will write the equations of the harmonic oscillations of an elastic isotropic medium in the
form

L(~id, Mu=09"Cu+3 Bu+Au+x’Au = 0 (13)
2 242
col! 02’B= 0 (1-xh9,| , _ |9, o2
2
0 x (1-x99, 0 0 9,
2
N L YA S
A= c,’ K ‘C%_2(1—v)’ cz_—p’ a"_ax’ ay—ay

Here c; and ¢, are the velocities of the longitudinal and transverse waves, respectively, v is Poisson’s
ratio, u is the shear modulus and p is the density of the material.
Boundary conditions (1.2) take the form

y = tl: M(~id,)u=(d,B,u+Au) = 0 (1.4)
B = 0 ? A = Kzay 0
g 5 Y
1-x 0 9,

We will seek the solution of problem (1.3), (1.4) in the form

u = ha(y)e™ (1.5)
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We substitute (1.5) into (1.3), (1.4), and we obtain a two-parametric eigenvalue problem on the section
L(y,Ma=(-y’C+iyB+A+x'A’Da = 0 (1.6)

y = £1: M(y)a=(iyB,+A)a = 0 (1.7)

Here I is the 2 x 2 identity matrix.

The conditions for a non-trivial solution of problem (1.6), (1.7) to exist reduce to finding the roots
of the following dispersion equations:

in the case of the antisymmetric problem (Problem A)

a sin )
D(y,\) = (lz - ZYZ)ZCOSXI—X—XZ + 472)(1 siny,; cosy,, (1.8)
2

in the case of the symmetric problem (Problem B)

D(y,\) = (k —27 ) cosx2 inxy +4y2)(2sin7(200sx1 (1.9)

where 2 = M2 =¥, y3 = M -
For any fixed A, Egs (1.8) and (1.9) have a denumerable set of roots {y,, = ¥,»(A)}. A normal wave
of the form

U, = hume_i(’” = hameiw"‘x-mt), a, = [a;, aZm]T (1.10)
corresponds to each simple root.
In the case of Problem A
a‘fm = A, iv[- (7»2 - Zyz)cosxlsin(xzy) + 21 %208 Yo sin (X ¥) 1 w11)
a;m = —Amxz[(k2 - 2y2)cosx1 cos(y,y) + 2yzcosxzcos(x1y)]
In the case of Problem B
ai, = Biyl- 2 - ZYz)sinxlcos(xzy) + 2%, X2 8in Y, €08 (X1 )] w1
@, = Bx,[(A = 2y")siny, sin(,y) + 2 siny,sin (x; )] '
Here A4,, and B,, are normalizing factors.
We similarly have for the amplitude of the stress vector
Gm = bmeiymx’ bm = [blm’ b2m]T
In the case of Problem A
bl = Anl (A =277 ) (A = 2x3) cosx, Sin(23) — 47 X1 X2 €O X 8in (o1 9)] w13
b = 24,i702(A — 277) 08X, 008 (3, y) = cosy, cos (X,¥)] '
In the case of Problem B
b = B, [(\ - 2y")(A = 2x5) siny, cos (Xay) — 4Y 1 XS0 %5c08 (X, 1)] 1)

bs, = -2B,,iyx,(A = 2y7)[siny, sin(x,y) — siny,sin ()]

We will call u,, and o, the elementary homogeneous solutions and a,, and b,, their Spurs.
Consider the augrirrlented vector w = [u, ;r] and correspondingly the set of Vectors W, = v,, €,
where v,, = [y, byl [@1m> @2 D> bom]”



408 Ye. V. Babenkova et al.

The vectors a,, and b,, are regarded as elements of a Hilbert space H with scalar product (everywhere
henceforth integration is carried out over the section [-1, 1])

al) 2y J( (N <2> aVa a?)dy (1.15)

where @y are complex-conjugate scalar functions a) = [a; ) a(zf)]
The augmented vectors v = [a, b]” are regarded as elements of the Hilbert space H; = H ® H with
scalar products

vy = @, a®) + ", p?) (1.16)
The vectors u and w are regarded as the vector functions u(x) and w(x) with values in the Hilbert

spaces H and H, respectively.
We also introduce over the vectors v and the vector functions w(x) the indefinite scalar product

<V(l), v(2)> = (1) Jv(z)) [( (1 b(z)) (b(l) (2))] (1 17)
(w, w“))(x) = (w', w0 '
where
J 0 -1
I0

For the vectors w(x) this indefinite scalar product has a clear physical meaning, namely, the energy
flux through a cross section, averaged over a period, can be expressed as follows:

P(w) = ohpu{w, w)/4 = whpu(v, v)/4 (1.18)

2. RELATIONS OF GENERALIZED ORTHOGONALITY AND
THE PROPERTIES OF THE ELEMENTARY SOLUTIONS

We denote by A the set of eigenvalues {7,,}, by M, the set of eigenvectors {a,,} and by M, the set of
vectors {v,,}.

We will denote the real roots of Eqs (1.8) and (1.9) by ¥ = v, (r =1, ..., N,where N = N(A) isa
natural number) and the eigenvectors and the Spurs of the elementary solutlons corresponding to them
byal, vl if v/, v') =d > 0,and by a, v, if (v;, v,) =d; <0.

It follows from (1.18) that d;(d;) are proportional to the energy fluxes, while the group velocity is
related to the energy flux as follows:

2P(w,)
Cg = 22 2("“' “_2’ al® = hf(|a1‘2+|a2[2)dy
)

Hence, we will give a superscript plus to those elementary solutions which transfer the energy in the
positive direction of the Ox; axis, and a superscript minus to those elementary solutions which transfer
the energy in the negative direction.

We will denote the real part of the spectrum by Ag. Apart from real roots, Eqs (1.8) and (1.9) have
denumerable sets of complex roots, arranged symmetrically in the complex plane. We will denote roots
by vi if Imyf > 0, and by 7y} if Imyk < 0. Taking into account the symmetry of their arrangement, we
will also use the notation

Y; = ¥, (Re;>0,Imy,>0), v, = ¥ Yfk =Y Yi =Y

We will denote the set {y¢} by A&. The corresponding elementary solutions ug (x), wi(x) decay
exponentially asx — = eo.
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Hence
A = AgUACU AL
and, correspondingly
- N -
Ma = MaRUM;CUMaC’ Mv = MVRUMVCUMVC

We will present the relations of generalized orthogonality in the form of assertions, the proof of which
can be found in [15-17].

Assertion 1. We have the following relations of generalized orthogonality for the Spurs of the elementary
solutions

+ x + T +
(V,,v,) =d, 8., (v,v,) =0, v,v,eM

d =-d =-d, d>0

r r r r

(v:‘r, v,f) = (vf, vy = 0, vfe Mg, vfe Mié @D
<Vf’ Vi) = disklv Vi VZIE MZ; dy = di, dy = —d;
We will introduce the following two-component vectors and matrix
£, = [apbon)s En = [bimasa) s Jo = diag{l,~1}
Assertion 2. The following relation of generalized orthogonality exists
ol €) = 25, Uoffg)) =0 (Ui g)) = 3408, (22)

Certain relations of orthogonality will be required below in the case when A = 0 (the static problem).
In this case the eigenvalues of the Rayleigh-Lamb equations (1.8) and (1.9) degenerate respectively
to the following

Dy(y) = ¥(sh2y-2y) = 0 2.3)
Dy(Y) = ¥(sh2y+2y) = 0 24)
and the real part of the spectrum degenerates into a sextuple eigenvalue y, = 0, to which two Jordan

chains correspond.
In the case of Problem A the Jordan chain consists of the eigenvector

ai = [0,1] (2.5)
and three associated vectors
a . T a T a . T
a] = [_ly7 O] ’ a2 = [07 \If(}’)] s 33 = [—19()’), 0] (2.6)

where

2 2 2 2
yoo W 9-Bv-v g {(2-V)y+—39+43v+v}

C2(1-v) 30(1-v) ~l6(-v) 30(1 - v)

In the case of Problem B the Jordan chain consists of one eigenvector and one associated vector

: T
ay = [1,01", a} = [0, %] @7
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In this case

o va_ o ova T2 77 va [ i=y)7 s o s 20 77
b() = b] = 0, b2 = [i_—yvs Oji ’ b3 = [0’ (_1%):' 5 bO = 09 b] = [ﬁ! Oj} (28)

Similar Jordan chains were obtained previously in [6, 10, 18] for a cylinder with an arbitrary cross-
section, and a method of constructing them was given.

Assertion 3. When A = 0 for any eigenvalue y; € AZ we have the following relations
(bi.ag) = 0 (b,a) =0 (b, a) =0 2.9)
One more assertion follows from the theorems proved in [15, 18].
Assertion 4. When A > 0, the systems of vectors M 4, M are minimum and complete in the space H.
Assertion 5. When A = 0 the systems of vectors M{ = {af, a%, aj, al,}, My = {al, a%, a), aj,} are
minimum and complete in the space H. In the reduced sets afy, are the Spurs of the elementary solutions

of the static problem, corresponding to the complex eigenvalues.
From these assertions we obtain the following.

Assertion 6. Any solution of Eq. (1.3), while satisfies boundary conditions (1.4) and the condition of
energy radiation, can be represented in the form

u= Y Cul(x)+ 3 Coup(x) (2.10)
r k

where C, and C; are arbitrary constants.
From relations (2.10) we obtain the following representations

0 =Y C0,(x)+ Y CO(x), W= Cw(x)+Y Cwi(x) (2.11)
r k r k

In relations (2.10), (2.11) and everywhere henceforth the summation over r is carried out for
all  corresponding to the roots v}, while summation over k is carried out for all k corresponding to the
1oots Y .

3. DETERMINATION OF THE EXPANSION COEFFICIENTS

We will introduce the following notation

T
u(0) = u’ = [u}, u3]

(3.1)

a(0) = 6° = [p,. py)’ (3.2)

Our further discussion will be based on the solution of two simpler problems for a half-strip with
mixed boundary conditions.

The first problem. Suppose the following conditions are specified forx = 0
u(0) = u), 6,(0) = py (3.3)

We will represent the vector f(x) = [u;(x), 612(x)]” in the form of a series in elementary solutions.
We have

f(x) = Y Ciffe ™ + Y Cifre™

r
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Assuming x = 0, we obtain the functional relation
SCr+YCs = £ = )
multiplying which in succession from the right by the vectors Jgg; and Jog7, taking relations (2.2) into

account, we obtain

1. - 5
_de;C;=j(u‘,’bfq—p2a;q)dy, g=1,..,NQA); -

1. - —
Ezd;'Cf = J(“?bu = p2ay))dy (34)

Here and below the subscript / takes all values corresponding to the complex roots from the set A¢.

The second problem. Suppose we are given the following conditions whenx = 0

u,(0) = 1y, 6,,(0) = p, (3.5)

We introduce the vector g(x) = [071(x), u,(x)]”. As before, multiplying the corresponding relation in
succession from the left by the set of vectors Jyf ; , Jof7, we obtain

1

5id)C, = [(piay—usby)dy (3.6)

3idC; = [(pial, - uab3,)dy,

Hence, for both types of boundary conditions we obtain exact integral representations for the
expansion coefficients.

Consider the problem with original boundary conditions (3.2). In this case the boundary-value problem
can be reduced to an infinite algebraic system in the expansion coefficients. A universal method of
constructing such systems was described in [14]. However, we will use another method here, as a result
of which a system is obtained which is more convenient for further analysis in the case of small A.

We will transform the functional boundary condition

b+ Y Ciby = o (3.7)
r k

into infinite algebraic systems for the antisymmetric and symmetric problems separately.
We first note that in the case of Problem A, p; = p{(y) is an odd function and p, = p3(y) is an even
function. In the case of Problem B, p; = pi(y) is an even function and p, = p5(y) is an odd function.
On the basis of Assertion 5, we introduce the following systems of vectors

a Oa s s Os
MS = {ag,al,al b My ={aga;}

which will be complete and minimum in the space H on the set of vectors whose components have
corresponding symmetry with respect to the variable y.
Multiplying Eq. (3.7) successively by the elements of the system M §, we obtain

>di,Cl+ ¥ dyCi = 41 2dy,Cr+ Y dyCr = 43
r k r k

(3.8)
Y C+ T diCi = of
r k
Here
di, = (b}",ag) = [bydy, dify = (b a5) = [bydy
(3.9)

d5, = (b7 a0y = ifbl)ydy, dy = (7", a)) = ifbiiydy
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di, = (b7, a)") = [ + biapydy, di = (b a)) = [(bTay] + biiag))dy

— — (3.10)
a a a [ a a Oa a 0
g1 = [p3dy, a3 = i[plyay, g = [(play] + pray)dy
Carrying out similar transformations using the system M, we obtain
Sd,Co+YdC =g, Yd,C+ Y dpC = g (3.11)
r k r k
where
di, = [bidy, dy = [biidy
05 ~0s "0 05
dy, = J‘(bitalf+b;ta21)dy, dy, = f(bi;a1f+b;a2;)dy (3.12)

T O
g1 = [pidy. a) = [(play + praz)dy

4. ANALYSIS OF THE ANTISYMMETRIC PROBLEM AT
LOW FREQUENCIES

We will first investigate the roots of Eq. (1.8) for small values of the parameter A. As mentioned above,
when A = 0 the degenerate equation (2.3) has a quadruple root Y, = 0 and a denumerable set of roots
Oy = 7blirnoym(k), which keep the same structure of the distribution in the complex plane as 7,,.

-

We will dwell initially on the investigation of the structure of the spectrum in the neighbourhood of
Yo for small A. We expand the left-hand side of Eq. (1.8) in series in powers of ¥ and A, and we obtain
an approximate dispersion equation

15(1-v)A* = 100 — 20 (0 =5(2-v)A}) = 0

Seeking its solution in the form

1/4 172 32
o=t (ATHHATT+ )

we find that, in the neighbourhood of A = 0, there are four roots
o =i, o =-il, o =n, o=
where

(= kmtém(l—ktl), N = 7¥1/21(1)/4(1+M1); Iy = %(l—v), - 17-7v

L 20./6(1-v)

Using perturbation theory to investigate the remaining roots of the equation, we obtain analytical
expansions of the form

o, = Y+ O
where v, are the roots of Eq. (2.3).

Analysis of Eq. (1.8) enables us to assert that, for small A, there are only two non-decaying elementary
solutions (N(A) = 1)

+ +ilx

ul = aje (4.1)
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Among the decaying elementary solutions we distinguish two
u; = aje 4.2)

which will be called a weak boundary layer, since for small A the elementary solutions (4.2) decrease
slightly asx — & co.

The set of remaining elementary solutions wiil be called a strong boundary layer.

To set up the matrix of system (3.8) and then analyse it, we will present analytical expansions for the
vectors a3, a3, b, b3.

With an appropriate choice of the normalizing factors.4; and 4,, we obtain, by analytical expansions
of the expressions (1.11) and (1.13),

al = alxilal-Cal+ilal+ O(\Y)

a; = ag¥naj+n’a; ¥n’as+ O(A) (4.3)
i+ 0V, by = b ENbE+ O(NY)

=
1]

The coefficients of expansions (4.3) are given by formulae (2.5)—(2.8).
The analytical expansions of the remaining vectors have the form

a, = ay, +O(A%), b, = by +0(L) (4.4)

where agy, and by, are the Spurs of the elementary solutions of the static problem.
Substituting expansions (4.3) and (4.4) into expression (3.9) and taking into account the relations

(b, a5) = (b, a}) = 0

we can obtain the following analytical expansions for the coefficients of the system

&% = id%, = iN7dy(1+0), diy = ~di = My(1+0(L)

a
dnk

Al (14+0(%), dfy = Mdy(1+0N): n = 1,2 45)
4% = d)(1+0\Y), dy = 4il[3(1-))

We substitute expressions (4.5) into system (3.8) and, using the small-parameter method, we determine
the analytical relations between the coefficients Cy, C, and C; and A.
We first note that

q, = QI(hw), g, = —iM/(K*p)

where Q is the amplitude of the shearing force and M is the amplitude of the bending moment.
When g, = O(1), g, = 0, g, = O(1) we have, with an error 0\

quz T]2
= — C,==C 4.6
oagymieitty (49

Hence, in the case considered the coefficients Cy and C,, which are the amplitudes of the propagating
wave (the penetrating solution) and of the weak boundary layer, are respectively of the order of A3,
The principal terms of the coefficients C;, are of the order of A2 and are determined by the solution
of the infinite system

0 0 0
zdlkck = -d;C,-dpC, 4.7
k
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When ¢, = 0, g, = O(1), ¢; = O(1) we have, with an error O(A%)

: 3
C1 = q_m(ﬂic_)_, C = _lt-’ Cl (4.8)
Tl

A’ +¢%)

The principal terms of the coefficients Cy, are of the order of unity and are given by the solution of the
infinite system

0 0 0
Zdlkck = ¢q;-d;C-d);,Cy (4.9)
k

It follows from relations (4.8) and (4.9) that, in the case cons1dered the amplitudes of the inner solution
and of the weak boundary layer are of the order of ™, while the amplitudes of the strong boundary
layer are of the order of unity.

When g; = 0, g, = 0, gy = O(1), the coefficients C; and C, are of the order of A, the coefficients Cy,
are of the order of unity, and the principal terms are found from the algebraic system

0 0
Zdlkck = 4qp zdlkck =0 (4.10)
k k
doC\ ~dyCy+ Y d3yCy = 0 (4.11)

k

In the case considered, the amplitudes of the displacements at the end are given by the expressions

= Y Cuan, +O\%), n=1,2
k

i.e. by a strong boundary layer, which, in turn, by Egs (4.10), is determined by the self-balancing part
of the load.

Note that, unlike the static case, the amplitude of the stresses when g; = 0 and g, = 0 do not decrease
exponentially, but the ratio of the amplitudes of the penetrating solution and of the weak boundary
layer to the amplitudes of the strong boundary layer will be of the order of A2 It is only possible to
increase this order if additional requirements are imposed on the self-balancing load. It is not possible
to formulate explicit conditions in terms of the specified end stresses, since the determination of C;
involves inverting infinite system (4.10).

5. ANALYSIS OF THE SYMMETRIC PROBLEM IN
THE LOW-FREQUENCY RANGE

Without going into detail, we will present the main results of the analysis.
In the neighbourhood of vy = 0 Eq. (1.9) has two real roots of the form

+ 1-v %2
o= B=1 /= (1+12(1_V)) (5.1)

For the remaining roots we have

Y, = Bt O(AY)

where B, are the roots of Eq. (2.4).
Two non-decaying elementary solutions

* siix st siizx
ul = a0 = b

(5.2)
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correspond to the roots y;, where

* = ajtBal+ 0B = [L£iPyvi(1-v)] +0(B)

R
H

Bb; £ O(B’) = +B[2i/(1-v), 01"+ O(B)

-2
i
i

The remaining roots define a strong boundary layer.
Analysis of system (3.11) leads to the following results.
When ¢} # 0, g5 = O(1), g1 = O(1) we have

c, =p'a Vo), AT = cigia-vy2 (5.3)
The principal terms of the coefficients C;, are defined by the solution of the infinite system
0 s 0 -1) 0 0+ _0-
Zdlkck = q; —d11A(1 , dy = (bk+’ a )
k

The components of the vectors bY*, ad are obtained by taking the limit as A — 0 in formulae (1.12)

and (1.14). Hence, in the case considered the amplitude of the propagating wave is of the order of AT
while the amplitudes of the boundary layer elementary solutions are of the order of unity.
When g7 = 0, g = O(1) we have

c, = AV + o)

Agl) and Cy are given by the solution of the following system
0 s 1 i(l-v) 0
zdlkck =gq, A = ‘2—zd1kck (5.4)
k k

The amplitudes of the components of the displacement vector when x = 0 are of the order of unity and
their principal terms are determined by the strong boundary layer (the self-balancing part of the load).
The ratio of the amplitudes of the penetrating solution and the strong boundary layer when g7 = 0
is of the order of A. However, unlike the antisymmetric case, it is possible here to formulate a fairly
simple condition, the satisfaction of which leads to a ratio of the order of 3. We will derive this condition.
Suppose the conditions p§ # 0, p} = 0 are satisfied. Then, as shown above, u§, u) = O(1). We return
to the first formula of (3.6) (¢ = 1). Taking into account the fact that, in the case considered

ay = 1+, by, = Mhy(y)

2 1+2viey’ _y(yz—l)v2
“—12—(1'72)’ hy(y) = 2oV (5.5)

s , 2 2
dl = —Aiv T_—V(1+0(7\. ))

we obtain, after substituting expressions (5.5) and (5.6) into the first formula of (3.6)

A%
h(y) = ‘Zy

1

v 2——(1_V)(1+0(l2))cl = g, + X[ pyy()dy + OLY)

Hence, when the following condition holds

)\,2
[pidy-"F[p1y'dy = 0 (5.6)

the amplitudes of the penetrating solution will be of the order of A>. In particular, we can require that
both integrals in condition (5.6) should be equal to zero.



416 Ye. V. Babenkova et al.

6. CONCLUSIONS

It follows from the above analysis that, in problems of the dynamics of a self-balancing low-frequency
boundary load, small-amplitude propagating waves can be excited. Then, if we introduce the coefficient
k = Py/P, where Py and P are the energy fluxes generated by the self-balancing and non-self-balancing
loads respectively (they are proportional to the squares of the amplitudes of the propagating modes),
characterizing the degree of localization of the oscillations at the end, then, in the case of the antisymmetric
problem &% = O(AY) if Q # 0, and k* = O(A*) if Q = 0, M # 0; in the case of the symmetric problem
k* = O\, if the second integral in condition (5.6) is not equal to zero, and k¥* = O(AS) if condition
(5.6) is satisfied or both integrals are equal to zero.

The decay condition (5.6), obtained in explicit form, can be used directly when refining the boundary
conditions in plate dynamics, including also the case when there are self-balancing loads (see, for example

[19]).
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